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Abstract—In this paper, we extend the Soft-Thresholding with
Exact Line search Algorithm (STELA) to solve the LASSO
problem in a fully decentralized manner, where each agent solves
its local minimization problem, and cooperates only with its
neighbors to update the local solution. Moreover, the privacy of
the local data is maintained during the communication of agents
via the privacy-preserving average consensus (PPAC) approach
which avoids revealing local information from other agents
as well as potential eavesdroppers. We examine the proposed
algorithm with synthetic data. Simulation results show that with
a similar privacy level, the proposed algorithm has a faster
convergence speed and better accuracy compared to the state-
of-the-art privacy-preserving Primal-Dual Method of Multipliers
(p-PDMM) algorithm.

Index Terms—Decentralized optimization, LASSO, average
consensus, privacy preserving, STELA

I. MOTIVATION AND INTRODUCTION

In signal processing, the Least Absolute Shrinkage and
Selection Operator (LASSO) problem plays an important role
due to its wide applications, such as compressed sensing
[1]–[3], audio processing [4]–[6], and recovery of a sparse
signal [7]–[9]. The LASSO problem is well studied, and
many algorithms have been proposed in the literature [10],
[11], where the Soft-Thresholding with Exact Line search
Algorithm (STELA) proposed in [12] outperforms others with
a faster convergence speed [13].

Nevertheless, as the data size increases massively, it is
difficult or even impractical to collect the data in a central
processor, and perform the aforementioned algorithms. Hence,
distributed algorithms that consist of a central coordinator and
multiple working agents are proposed, where each working
agent processes only its local data and the central coordinator
collects the processed variables to produce the final solution.
However, such a network is not reliable, where the failure of
the central coordinator can lead to the breakdown of the whole
network. Thus, the fully decentralized setup has attracted the
attention in various scenarios, e.g., in wireless communication
[14], machine learning [15], and Internet-of-Things (IoT) [16],
where each agent evaluates its local data, and exchanges
information only with adjacent neighbors. In this case, the
central coordinator is avoided, and the network is more robust.

There exist different algorithms to help the agents collab-
orate with neighbors with the goal to compute the weighted
average of the data available at each agent, e.g., the average
consensus [17], the Push-Sum [18], the graph filter [19],
[20]. Nonetheless, as in distributed algorithms the agents
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transmit local information available at the respective location,
their private information may leak into the network or to
other adversary agents. In many applications, the protection
of privacy is a fundamental requirement. For example, in
image compression and face recognition, the LASSO problem
can be used to find the sparse representation vector of a
measurement vector with a given dictionary. However, the
dictionary is often distributed or aggregated from different
local datasets containing sensitive data and agents often want
to prevent the leakage of private information over the network.
Various privacy-preserving algorithms have been proposed in
the literature. In [21], a private distributed matrix multipli-
cation approach is proposed, where the matrix is encoded
with polynomial codes before it is sent to different agents. In
[22], a privacy-preserving Push-Sum algorithm is proposed to
compute the average privately in a directed graph, where each
agent only sends a part of its states rather than the complete
state information.

In this paper, we propose a decentralized privacy-preserving
implementation of the STELA algorithm, denoted by dp-
STELA, to solve the LASSO problem, which is extended
from the STELA algorithm proposed in [12] but without the
central coordinator. The proposed algorithm solves the local
optimization problem in separated agents parallelly, and adopts
the Privacy-Preserving Average Consensus (PPAC) algorithm
[23] to collaborate with neighbors to find the global optimum.

Notation: In this paper, we use the lowercase letter x, the
boldface lowercase letter x, the boldface uppercase letter X
and the calligraphic letters X to denote a scalar, a vector,
a matrix, and a set, respectively. Matrix XT denotes the
transpose of matrix X. The argument t denotes the outer
iteration index, and the argument k denotes the inner iteration
index. The vector d(X) denotes the diagonal of matrix X.
[x]ba denotes max(min(x, a), b). The operator ◦ presents the
Hadamard, i.e., the element-wise, product.

II. REVIEW OF STELA

The LASSO problem to recover the sparse vector x can be
expressed as:

min
x

1

2
∥Ax− b∥22 + µ ∥x∥1 , (1)

where A ∈ RN×K , x ∈ RK×1, b ∈ RN×1 and µ > 0.
Among different algorithms that solve the LASSO problem
(1), the STELA algorithm proposed in [12] is an iterative
algorithm that stands out by its simple implementation and fast
convergence speed. It consists of two parts, i.e., the descent
direction finding and the exact line search computation.
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In the t iteration, we denote an approximate function of
f(x) around the current point xt as f̃(x,xt). The optimal
solution Bxt, i.e., the best response point of xt, which ensures
Bxt−xt to be the descent direction of f(x), can be found by

Bxt = argmin
x∈X

{
f̃(x,xt) + g(x)

}
= d(ATA)−1 ◦ Sµ(r(xt)),

(2)

where the inverse d(ATA)−1 is performed element-wise,
Sµ(r(x)) is the soft-thresholding operator that is defined by
Sµ(r) = [r− µ1]+ − [−r− µ1]+ [24], and r(xt) is given by

r(xt) ≜ d(ATA) ◦ xt −AT(Axt − b). (3)

After finding the descent direction, the optimal step size γt

taken along the descent direction of Bxt−xt can be computed
by the exact line search method [12] as

γt =

[
−
(Axt − b)TA(Bxt − xt) + µ(∥Bxt∥1 − ∥xt∥1)

(A(Bxt − xt))T(A(Bxt − xt))

]1
0

.

(4)
This is a closed-form solution, which accelerates the conver-
gence speed of the algorithm. At the end of each iteration, the
variable xt+1 for the next iteration is updated as

xt+1 = xt + γt(Bxt+1 − xt). (5)

III. ALGORITHM DEVELOPMENT

When the dimension of A is large and the hardware has
insufficient resources for processing the data. It is impossible
to solve the LASSO problem in a centralized approach. The
authors in [12] also proposed a distributed implementation
of the STELA algorithm when the size of A is too large
to be directly operated in a single processor. Nevertheless, a
central coordinator is still required to distribute and gather
the intermediate information to all agents in the network.
Consequently, the distributed implementation of the STELA
algorithm highly depends on the central coordinator and thus
becomes unreliable when an attack or an error occurs at the
central coordinator.

In this paper, we devise a decentralized implementation of
the STELA algorithm to solve the LASSO problem (1) in a
fully decentralized manner, where no centralized coordinator
is required, and each agent evaluates only its local data and
exchanges the local solution with adjacent neighbors privately
and securely to find the globally optimal solution.

A. Decentralized privacy-preserving STELA

To employ the STELA algorithm fully decentralized, the
matrix A and the vector x are partitioned into n subsets
and offloaded to n agents to perform the computation locally.
For example, in the application of image compression, b is
the global observation vector, the dictionary matrix A =
[A1, . . . ,An], where submatrix Ai ∈ RN×ki denotes the
private dictionary of the agent i, with

∑n
i=1 ki = K, and

x = [x1, . . . ,xn]
T, where xi ∈ Rki×1. The integer ki denotes

the dictionary size of agent i, i.e., the number of columns of
Ai. Such a network can be described by an undirected graph

consisting of n agents, which is denoted as G = {V, E}, where
V = {1, . . . , n} denotes the set of n agents, and E ⊆ V × V
denotes the set of m edges. The agent i can communicate with
agent j if (i, j) ∈ E , and the set of the neighbors of the agent
i is denoted as Ni.

Since, the submatrix Ai and the subvector xi are assumed
to be available to agent i locally, the i-th entry of the
best response point Bx, i.e., Bxi, is also decomposed into
n independent subsets as Bx = [Bx1, . . . ,Bxn]

T. In each
iteration t, agent i computes Bxt

i locally as

Bxt
i = d(AT

i Ai)
−1 ◦ Sµ(r(xt

i)), (6)

where r(xt
i) is computed at agent i as

r(xt
i) ≜ d(AT

i Ai) ◦ xt
i −AT

i (Axt − b). (7)

Moreover, from (4), we notice that each agent requires the
knowledge of A(Bxt − xt), Bxt and Axt − b to compute
the step size γt locally. Based on the data partition, the first
vector A(Bxt − xt) can be calculated by

A(Bxt − xt) =

n∑
i=1

Ai(Bxt
i − xt

i). (8)

In a distributed network, (8) can be realized via differ-
ent approaches, e.g., the average consensus algorithm [17],
the Push-Sum algorithm [18], and the finite-time average
consensus [25]. However, when performing these distributed
algorithms sensitive information leakage may occur when
there are adversaries in the network. We consider two kinds
of popular adversary models, i.e., the eavesdropping adversary
and the passive adversary [26]. More precisely, the former
indicates eavesdropping the communication channel, and the
latter indicates an adversary agent attempting to infer the
private data of others based on the received information. In
our problem, we want to preserve the privacy of Ai at each
agent i, i = 1, . . . , n, from other agents in the network, as
well as the privacy of xi from potential eavesdroppers over
the communication channel.

Furthermore, even though in (8), each agent transmits an
intermediate variable Ai(Bxt

i−xt
i) instead of the private data

directly, it still does not guarantee the data privacy at a high
level. For example, if adversary agents construct a set of linear
equations based on the received data, they may be able to
decode Ai. Therefore, we adopt the PPAC algorithm [23] to
compute the summation in (8) distributively over the network
with a high level of privacy and security in our proposed
algorithm as outlined in Section III-B.

The second term Bxt can be found by gathering Bxt
i over

the network and stacking the component vectors as

Bxt = [(Bxt
1)

T, . . . , (Bxt
n)

T]T (9)

which can be achieved by, e.g., broadcasting. However, sharing
Bxt

i directly is not secure if potential eavesdroppers attempt
to spy on the communication channel. Nevertheless, we can
reformulate (9) to have a similar formulation as (8), i.e., a
summation of the information in each agent, such that the
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PPAC algorithm can be applied, and Bxt
i is collected securely.

To do so we denote auxiliary vectors Bx̃t
i ∈ RK×1 as

Bx̃t
1 = [(Bxt

1)
T,0T, . . . ,0T]T,

...

Bx̃t
n = [0T, . . . ,0T, (Bxt

1)
T]T.

(10)

Thus, (9) is reformulated as

Bxt =
n∑

i=1

Bx̃t
i, (11)

which can be implemented using the PPAC algorithm as
outlined in Section III-B.

Finally, the last term, i.e., Axt−b, can be easily computed
by each agent locally after computing the step size γt−1, i.e.,

Axt − b = A(xt−1 + γt−1(Bxt−1 − xt−1))− b

= (Axt−1 − b) + γt−1A(Bxt−1 − xt−1).
(12)

B. Privacy-Preserving Average Consensus (PPAC)

The algorithm described in Section III-A requires the dis-
tributed computation of the summations in (8) and (11). This
can be privately computed using the PPAC algorithm, which
is described in the following. Let si ∈ Ru×1 denote private
data in agent i, we want to privately compute the average
y∗ = 1

n

∑n
i=1 si at each agent. The private data si represents

Ai(Bxt
i − xt

i) and Bx̃t
i in (8) and (11), respectively, and y∗

represents the associated averages. In the PPAC algorithm, the
local averages in each agent are computed as the solution of
the following optimization problem.

min
yi

n∑
i=1

1

2
∥yi − si∥22

s.t. yi = yj , ∀(i, j) ∈ E .
(13)

This optimization problem can be solved with the Primal-
Dual Method of Multipliers (PDMM) [27], where the local
update scheme is given by (details cf. [23] and the references
therein):

yk+1
i =

si +
∑

j∈Ni
(cyk

j −Bi|jλ
k
j|i)

1 + cdi
, (14a)

∀j ∈ Ni : λk+1
i|j = λk

j|i + cBi|j(y
k+1
i − yk

j ), (14b)

where c is a constant to control the convergence rate, di is
the degree of agent i, Bi|j ∈ Ru×u is an identity matrix for
(i, j) ∈ E with Bi|j = I if i > j and Bi|j = −I if i < j, and
λi|j∈ Ru×1 denotes the dual variable at agent i sent to agent
j. At convergence the dual variables λi|j and λj|i coincide.
We collect all dual variables in λ ∈ R2mu×1 with

λ = [λT
1|2, . . . ,λ

T
m−1|m︸ ︷︷ ︸

i<j

,λT
2|1, . . . ,λ

T
m|m−1︸ ︷︷ ︸

i>j

]T. (15)

In the PPAC algorithm, a subspace perturbation technique is
introduced to initialize vector λ0 with a large perturbation to
ensure the privacy. In particular, the dual variable λk is shown

Algorithm 1 Decentralized privacy-preserving STELA in
Agent i

1: Initialization: x0 = 0.
2: for t = 1, . . . , T do
3: In-Agent Computation
4: Compute Bxi using (6).
5: Compute Ai(Bxi − xi).
6: Network Communication
7: Initialize y0

1,i = Bx̃i, y0
2,i = Ai(Bxi − xi), and λ0

1,i,
λ0
2,i with σ2.

8: for all ℓ ∈ {1, 2} do in parallel
9: for k = 1, . . . ,K do

10: Update yk+1
ℓ,i using (14a).

11: Update λk+1
ℓ,i using (14b).

12: end for
13: end for
14: In-Agent Computation
15: Bxt ← nyK+1

1,i .
16: A(Bxt − xt)← nyK+1

2,i .
17: Compute γt using (4)
18: Update xt+1 using (5)
19: Update Axt+1 − b using (12)
20: t← t+ 1
21: end for

in [27] to converge in a subspace, denoted as H , where the or-
thogonal projection onto H is denoted as ΠH , and λk consists
of two parts, i.e., the convergent component (ΠH)λk → λ∗,
and the non-convergent component Pk(I−ΠH)λ0, where P
is a symmetric permutation matrix exchanging the first half
rows with last half rows of the matrix it applies, and P2 = I.

Furthermore, the observation in adversaries is summa-
rized in [27] as yk+1

i − si +
∑

j∈Ni,h
Bi|jλ

k
j|i, where

Ni,h denotes the set of honest neighbors of agent i, and
the last term can be seen as an additional noise that
prevent adversaries from inferring the private data si as
the optimization variable yk+1

i will be shared with neigh-
bors directly and be collected by adversaries easily. The
noise term can be reformulated as a convergent term, i.e.,∑

j∈Ni,h
Bi|j

(
ΠHλk

)
j|i, plus a non-convergent term, i.e.,∑

j∈Ni,h
Bi|j

(
Pk (I−ΠH)λ0

)
j|i. To protect the private

data, we want the information leakage, e.g., the mutual infor-
mation between the private data and the observation at adver-
saries I

((
yk+1
i − si

)
;
(
yk+1
i − si +

∑
j∈Ni,h

Bi|jλ
k
j|i

))
, to

be sufficiently small, which can be achieved by increasing the
variance of the noise term [27]. Noticing that only the variance
of the non-convergent term of the noise can be manipulated,
which only depends on the initialization of the dual variable,
the mutual information can be reduced by initializing λ0 with
sufficiently large variance σ2, and thus, the privacy of the
PPAC algorithm in (14) is maintained.

Consequently, the privacy of our proposed algorithm is guar-
anteed by applying the PPAC algorithm to carry out (8) and
(11), where A(Bxt−xt) and Bxt are computed by multiplying
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the number of agent n with the corresponding output of the
PPAC algorithm. Moreover, since the perturbation is inserted
only to the dual variables λi|j , it has no influence on the
convergence of the optimization variable yi, thus, the accuracy
is also guaranteed [27].

We summarized the complete dp-STELA in Algorithm 1,
where T denotes the maximum number of the outer loop, i.e.,
the STELA algorithm, iteration, and K denotes the maximum
number of the inner loop, i.e., the PPAC algorithm, iteration.
We remark that although the private data, i.e., Ai and xi in
our proposed algorithm, can be partitioned with different sizes,
i.e., different values of ki, the dimension u of the private data
is the same through all agents, i.e., u = N for Ai(Bxt

i − xt
i)

in (8), and u = K for Bx̃t
i in (11).

IV. SIMULATION RESULTS

In this section, we show the simulation results of the
proposed dp-STELA algorithm, where the distributed private
PDMM (p-PDMM) algorithm described in [27] is used as
a comparison. To have a fair comparison, we adopt the
same setup as in [27], where a random graph is considered.
Two agents are connected with each other if the distance
between them is less than

√
2 log n/n to enable the graph

to be connected with a high probability [28]. The parameters
of the LASSO problem are chosen as follows. The matrix
A ∈ RN×K with N = 80,K = 200 is generated randomly
from a Gaussian distribution with zero mean and unit variance.
The true sparse vector denotes as xtrue has the sparsity level
of 0.4 with the elements drawn from a Gaussian distribution
with zero mean and unit variance. The observation vector
b = Axtrue. The dual variable λ0 in the PPAC algorithm, if
not specified, is initialized with the variance σ2 = 106 to
guarantee a high level of data privacy. Simulation results are
averaged over 20 Monte Carlo iterations.

We consider one iteration as one communication instance
of all agents in the network, where the number of iterations
of the dp-STELA algorithm consists of two parts, i.e., the
outer loop of the STELA algorithm and the inner loop of the
PPAC algorithm. In our simulation, the maximum number of
iterations of the STELA algorithm and the PPAC algorithm are
set to be T = 50, and K = 30, respectively, where one step of
the STELA algorithm consists of two instances of the PPAC
algorithm to carry out (8) and (11). Thus, the total number
of iterations for the dp-STELA algorithm is the product of
the maximum number of iterations of the STELA algorithm
and twice the maximum number of iterations of the PPAC
algorithm, i.e., 2TK, which is also used as the total number
of iterations in the p-PDMM algorithm. The relative error is
defined as

relative error = ||X̂t − X̂opt||22/||X̂opt||22, (16)

where X̂t = [x̂t
1, . . . , x̂

t
n] denotes the matrix whose i-th col-

umn x̂t
i is the solution at agent i in the t-th iteration, and each

column of the matrix X̂opt is the optimal solution computed
by the centralized STELA algorithm with 60 iterations.
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Fig. 1. Relative error performance of the dp-STELA algorithm and the p-
PDMM algorithm solving the LASSO problem with N = 80,K = 200 in
networks with n = 20 and n = 40 agents.
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Fig. 2. Relative error performance of the dp-STELA algorithm and the p-
PDMM algorithm solving the LASSO problem in the n = 20 agents network
with N = 80,K = 200 and N = 200,K = 500.

In Figures 1 and 2, the relative error of the two algorithms
is displayed versus the number of iterations. In Fig. 1, the
blue curves represent the graph with n = 20 agents, and
the red curves describe the results with n = 40 agents for
a sensing matrix A of dimension R80×200. It shows that the
dp-STELA algorithm has a faster convergence speed and can
reach a lower relative error than the p-PDMM algorithm under
the two different network sizes considered.

In Fig. 2 the relative error performance of the two algo-
rithms is displayed for different dimensions of the sensing
matrix A, i.e., A ∈ R80×200 and A ∈ R200×500 with a
network size of n = 20 agents. We observe that with the
sensing matrix of a larger dimension, the p-PDMM algorithm
attains a lower precision than in the case of the small sensing
matrix, whereas the dp-STELA algorithm achieves a better
precision with a similar convergence speed.
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Fig. 3. Relative error performance of the dp-STELA algorithm and the p-
PDMM algorithm solving the LASSO problem in the n = 20 agents network
with the different initialized variances σ2 of λ0

Moreover, the starting point of the p-PDMM algorithm is
affected by the variance σ2 of the perturbation used in the
initialization of λ0 which in turn defines the privacy level as
can be observed in Fig. 3, where the relative error performance
of the two algorithms is displayed for different initialization
variance σ2 of λ0. With a larger initialization variance of λ0,
the p-PDMM algorithm has a larger relative error at the initial
stage and requires more iterations to eliminate the bias. On the
contrary, the dp-STELA algorithm has a similar convergence
speed regardless of the variance of the perturbation, as the
perturbation is introduced only in the inner iteration during
the PPAC algorithm and disappears when λ converges.

V. CONCLUSION

In this paper, a fully decentralized STELA algorithm is
proposed to solve the LASSO problem, where each agent can
also keep its local data secure and private during the network
communication with the help of the privacy-preserving average
consensus approach. The proposed algorithm benefits from
the fast convergence of STELA algorithm and exhibits lower
relative error performance. In addition, there is no significant
offset of the initialization point of our algorithm when insert-
ing a large variance of perturbation to maintain the data with
a high privacy level.
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